FAQs & their solutions for Module 8:
Angular Momentum-11

Questionl: The spin angular momentum operator for electron is given by

1 1 1
SX:Eth ) SyZEhO'y , Sz:Ehaz (1)

Where oy, oy and o, are Pauli spin matrices and are given by

R I I

Write the eigenvalues and eigenvectors of s,, s, and s,.

y

Solutionl: We first determine the eigenvalues of the ox matrix which are determined from the
following equation

-4 1
=0
1 -2
or
A -1=0
implying
A=%1 (2

Thus the eigenvalues of the oy matrix are + 1 and therefore the eigenvalues of s, are + %h . Thus
if we measure sy [i.e., the x component of the spin angular momentum of a spin 21 particle like
electron, proton or neutron] then we will get only one of the two possible (eigen) values + Zlh or

- %h . The corresponding eigenfunctions are easy to determine; e.g., for the eigenvalue + zlh , the

B

eigenvalue equation is written as

giving

Thus the eigenfunction is given by



If we normalize the eigenvector we will get

A 1 1
xT)=— 3
)=+ @ ©
which is usually referred to as the “x-up” state. Similarly
A 1 1
X4)=—" 4
)=+ (_ J @

represents the normalized eigenvector corresponding to the eigenvalue -Zlh (of s ) and is

usually referred to as the “X-down” state.

Since o; is a diagonal matrix, the eigenvalues of o; are just +1 and —1 implying that the

eigenvalues of s, are + %h and - Zih . The corresponding (normalized) eigenfunction are easy to

i7)- @ j ©
i 1) @ ©)

corresponding to the “z-up” state (eigenvalue +%h of s;) and the “z-down” state (eigenvalue

determine and are given by

and

723h of s;) respectively. Finally the eigenvalues of o are determined from the following

equation
- ‘
) =0
+1 -4
or
A -1=0
implying
A=%1 (7

Thus the eigenvalues of s, are (again) +21h and 721h. Corresponding to the eigenvalue 721?1,

the eigen function is determined from the equation
0 —i)fa)_ (a
i 0)lb) (b

—ib=—-a=b=-ia

or



Thus

A 1 1
Y5 8
V= | ®)
would represent the normalized “y-down” state. Similarly
n 1 1
T>=— [ J 9
y 7 i 9)

would represent the normalized “y-up” state.

Question2: A spin half particle is in the “z-up” state. On that particle, if we make a
measurement of s, then what are the values that we will obtain and what will be their
probabilities.

Solution2: The spin half particle is in the “z-up” state. On that particle, if we make a
measurement of s, then we will get one of the two eigenvalues of sy. In order to determine their
probabilities we have to express the (normalized) “z-up” state as a linear combination of the
(normalized) “X-up” and “X-down” states:

1) 1 1
|2T>—(OJ—E|XT>+E|R¢> (10)

Thus, if we make a measurement of s, then the probability of obtaining a “X-up” state [i.e., the

probability of obtaining the eigenvalue +>7% for s,] is 5 and the probability of obtaining a “x-

down” state is also 21 :
Question3: The magnetic moment of the neutral Ag-atom is the same as that of an electron and
is given by

n~-Jg (12)
m

whereg and m represent the charge and mass of the electron and

1 1 1
S, :EhUX ) Sy :EhO'y v S, :EhO'Z (12)
Such a particle is placed in a static magnetic field given by
B=B, 2 (13)

Obtain the eigenvalues and eigenfunctionsof the energy associated with magnetic field.



Solution3: The magnetic moment of the neutral Ag-atom is the same as that of an electron and
is given by

px - (14)
m
where S, =1haX , S, =1h0'y , S, =1haZ (15)
2 2 2

where oy , oy and o, are Pauli spin matrices. If such a particle is placed in a static magnetic field
given by

B=B, 2 (16)
then the potential energy associated with magnetic field would be given by
HO:—u.B:%hwoaz (17)
where
aB, ~ 2u;B,
=10 _%MB"0 18
W, m 5 (18)
and
uy =9 99745107 yT (19)
2m

represents the Bohr magneton. Since the eigenvalues of o, are +1 and -1, the solution of the
eigenvalue equation

HoIn>=E,|n>; n=12 (20)
would be given by
1
Elzlhcoo@|1>=|zT>= (21)
2 0
0
EZ:—%ha)oc>|2> =|z¢>=@ (22)

Question4: Write the most general solution of the time dependent Schrodinger equation

ih%ﬁ’(t) > = H, | ¥(t) > (23)

where

H, = Eha)OO'Z



Solution4 :

would be

where

The most general solution of the time dependent Schrédinger equation

210 > =H, | Y0 > = 2 ho, ¥ > 24

2 .
vt > =>c, e n>
=1

n (25)
1
Elzlhw0@|1>:|zT>=U (26)
2 0
0
Ezz—%hw0@|2> =|2J«>=(J (27)

Further, the coefficients C; and C; are to be determined from the knowledge of |\P'(t = 0) >:

and

C, = 1% (0))

C. = (2%(0)

Of course, if the system is initially in the | 2T > or | 21 > states, then it will remain in those
states for all times to come; these are the stationary states of the problem.

Question5: In continuation of the previous problem, we assume that at t = 0, the atom is in

the

S

X!

Solution5:

X T>state. Obtain the time evolution of the state and calculate the expectation values of

s, and s,.

Att =0, the atom is in the | X T > state. Since

-3

we readily get

1 1) 1
C,=<2TIxT> —E(l 0)@_E

Similarly C, = 1/4/2 . Thus



or
¥ (1) = %[ee ] (28)
where
1
0= Ea)o t (29)

Equation (21)(28) describes the time evolution of the state. Further,

()= Ln () o)

2
) ) 1 -0
— lh(ele e—l@ 0 e )
4 1 0)|e"
or
1
(s,)= Ehcoswot (30)
Similarly
(s,) :% Asin @t (31)
and
(s,)=0 (32)

The above equations physically imply that the direction of the spin angular momentum vector
rotates about the z-axis with angular velocity «y .

Question6:  Next consider the more general case when

—cos? in?
|‘I’(O)>—cos2 2T>+sm 2‘2 i«>

Obtain the time evolution of the state.

Solution6:
We have
|¥(0)) = cosg‘z T> +sin g‘z »L> (33)

[when ¢ = n/2, we obtain the results of the previous problem]. Obviously

¢ ¢

C,=cos= and C, =sin -
2 2



so that

[P(t)) = cosgew 2 T> +sin ge”@ 2 i«>
cos? e
_ 2
sin? o1
2
Thus
(5.)= 21 (¥ ¥O)
or
(s,) :% 7isin ¢ cos o, t (34)
Similarly
<sy> = % 7isin ¢sin w,t (35)
and
(s,) :% 1 cos ¢ (36)



